Abstract Theoretical results on the scaling properties of turbulent velocity fields are reported in this letter. Based on the Kolmogorov equation and typical models of the second-order statistical moments (energy spectrum and the second-order structure function), we have studied the relative scaling using the ESS method. It is found that the relative EES scaling exponent S 2 is greater than the real or theoretical inertial range scaling exponent ξ 2 , which is attributed to an evident bump in the ESS range. Recently, through theoretical analysis, Qian 4 has developed a quasi-closure scheme to calculate the structure functions and found that the relative EES exponent S 2 is not valid in the strict sense due to an evident bump in the general ESS range. In this letter, we repeat and a) Corresponding author. Email: zran@staff.shu.edu.cn.
In order to characterize the statistical properties of fully developed turbulence, one usually studies the scaling properites of moments of velocity difference at scale r. We use Δu p r to denote the structure function of order p of turbulence, where Δu p r is the longitudinal velocity difference across a distance and · · · stands for ensemble statistical average. At high Reynolds number, in the inertial range, 1−2 we have the scaling of Δu p r ∼ r ζp . The Kolmogorov (K41) theory predicts ζ p = p/3 (normal scaling), but experimental and numerical results show that ζ p deviates substantially from the linear law (anomalous scaling). The discrepancy between normal and anomalous scaling of isotropic turbulence is a hot topic in the modern statistical theory of isotropic turbulence. In order to explain this anomalous scaling observed in experiments, various intermittency models have been developed.
In 1962, Kolmogorov presented a new intermittency model, predicting that the self-similarity was not valid in the inertial range, ζ 2 > 2/3, and ζ p < p/3 if p > 3 (anomalous scaling). Following K62, many works have been published to support K62 prediction. However, recent works by Qian and Lundgren reported some evidence supporting K41 self-similarity, and highlighted the issue of K41 and K62. Some scientists thought we should look into the experiments to decide which was the better theory, K41 improve his work, and get some further interesting results:
(a) A wide range with greater scope has been computed, where Qian 4 got curve only by the least-squares fit. In this way, one can give a powerful proof to prove that the bump is sufficiently evident.
(b) We found an analytical solution of S 2 in a simple bump model, and analyzed the solution. The results are used to check the present numerical method.
(c) We used a better model of energy spectrumPanchev model.
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(d) We compared our solution of S 2 to the experimental data by Benzi et al., 9 revealing that the relative exponent S 2 is not a strict constant. The reason for the undulation of S 2 remains unclear.
The main results of this letter report some evidence supporting that Qian's discovery of the bump in the ESS range is still correct in more complex cases. These results show that the data of S 2 = 0.7 actually favour the Kolmogorov 2/3 law rather than anomalous scaling of ζ 2 = 0.7 for more complex cases.
In the inertial range, where the large-scale effects is absent, we denote the second-order structure function Δu 
D LL (r) is the result of integration of energy spectrum
Here, E(k) is the three-dimensional energy spectrum.
In general cases, we can not find the analytical solution of Eq. (2), therefore, the ordinary Simpson method is used to get the equation's numerical solution. The choice of energy spectrum play a very important role in this development. In the universal equilibrium, D LLL (r) can be computed by exact relation between the second-and third-order structure functions
which is the celebrated Kolmogorov equation. Generally, the first step is to make a choice of the turbulence energy spectrum. In the second step, we use Eq. (2) to get the second-order structure function D LL (r). Then, by using the Kolmogorov equation (3), we can calculate D LLL (r). Finally we calculate the EES relative scaling exponent S 2 of D LL (r) by the EES method for both normal scaling and anomalous scaling. Extending the concept of Onsager spectrum bump, Pao introduced the reduced-order concept of turbulent energy and heat transfer. This approximation method will bring a very simple energy spectrum
The introduction of non-dimensional variables
, then we have anther form of Eq. (4) as
where α is the Kolmogorov constant. In Qian's work, 
To a specific case of this model n = 1, we can solve our problem just with analytic method. This is a very important reason why we choose this model. We can use the analytic solution to check the numerical method adopted in our computation. First, we set the parameters as follows
and B is determined by the energy dissipation relations. Then we change the parameter m to study stability problem about parameter m. Panchev and Kesich 5 have proved that Pao model is not applicable when k → ∞. So we introduce a better energy spectrum: Panchev model 5 ,which reads exp −
It is the best model to correspond to reality in our case.
We calculate each model over the range from 1 < r/η < 10 5 with our numerical method. Figure 1 is the lg-lg plot of D LL (r) against −D LLL (r), it shows an almost straight line over the range of 1 < r/η < 10 5 with the typical energy spectrum (Pao model). But more detailed analysis shows that the local slop, which is the relative exponent S 2 , has an evident bump. Qian 4 has got the same result about S 2 over the range of 4 < r/η < 10 3 and he used the least-squares fit to extend his calculation range. Figures 1 and 2 give the comparison between our results and Qian's over 4 < r/η < 10 3 , it shows the two data coincide very good. We think least-squares fit is not an ideal way to illustrate the existence of bump. Because no matter how character of S 2 is, least-squares fit only could get a constant. At this point, one might argue that the bump of S 2 is not remarkable, the bump is just induced by error. It is clear from Fig.1 that S 2 is not constant over the range from 1 < r/η < 10 5 . Figure 2 is a powerful proof to prove that the bump is remarkable enough. According to the simple bump model , we can use Eqs. (6) and (8) where A = 0.026 875; B = 0.1 639. The simple bump model considers the bump phenomenon, and the result of this model also show a bump of S 2 in the range of 4 < r/η < 10 3 . But unlike Pao model, we get another bump in the range of 10 2 < r/η < 10 4 . Qian missed this bump because of the least-squares fit he used. We can get the result through both numerical and analytic method, so it is a good chance to check our numerical method. In Fig. 3 , we can see the two bumps and the agreement between numerical and analytic results. Then we change the parameter of m in Eq.6 and find that the second bump has no universality. The second bump disappears when parameter m increases, but it increases as parameter m decreases. We could clearly see the result from Fig. 4 . The last model is Panchev model, the best energy spectrum in this paper. Before calculation, we should first choose the Kolmogorov constant α. Here we give three typical values of α, that is 1.5, 1.2, 1.0.
7 From Fig. 5 , we can see the character that S 2 is both evident and universal no matter the change of α.
Benzi et al. 9 claimed that S 2 is roughly equal to 0.7 in their experiment, but Barenblatt pointed out that data coming from experiments with different Re did not align up well on the "single line". 8 As Barenblatt had done, we compared our solution of S 2 to the experimental data by Benzi in Fig.6 . The data we chose come from two series of experiments labeled by C18 and J. It is obvious even to the naked eye that the relative exponent S 2 is not a strict constant, it has a increasing trend when r is large. But the experimental data by Benzi did not show the bump and the undulation is not 
